We present a heat release dynamics model which utilizes a well-stirred reactor (WSR) model and one-step kinetics to describe the unsteady combustion process. The model incorporates the linearized mass and energy equations to describe the response of the reactor to external perturbations, and is cast in the form of a first order filter. The model is able to predict the phase between the mass flow rate oscillations and the resulting heat release fluctuations, as function of the operating conditions, e.g., the mean equivalence ratio and mean mass flow rate. The model predicts a sudden shift in phase in the region between the maximum reaction rate and the blow-out limit. We show that this phase change may trigger combustion instability. We use this novel model to predict combustion instability conditions in high swirl combustion, and demonstrate that these predictions agree qualitatively with experimental studies.
I. Introduction
Combustion in high performance engines utilizes strong swirl, recirculation and interacting jets to enhance the mixing rate of the fuel, air and products, and hence maximize the burning rate. The ideal limit for these systems is often modeled as a wellstirred reactor [1] , in which the mixing rate is faster than the fuel conversion rate, and products exit the reactor at their interior uniform state. The operation of a well-stirred reactor is governed by a characteristic residence time, res τ , which is the nominal time the reactants spend inside the reactor; . The Rayleigh criterion also shows that acoustic energy depends on the dissipation in the system, and hence the gain in the q p ′ − ′ ( ) relationship also plays an important role in determining the characteristics of instability.
Combustion instability has been modeled using a well-stirred reactor and one-step kinetics by Richards et al. [3] , Janus and Richards [4] , Lieuwen et al. [5] , and Lieuwen and Zinn [6] . Richards et al. [3] investigated the effect of heat loss, flow rate and friction in a tailpipe of a pulse combustor. The governing flow equations were reduced to a set of ODEs assuming a well-mixed combustion zone and choked inlet flow. The authors showed that the simulation results of the ODEs agree qualitatively with the experimental data. A similar approach was used by Janus and Richards [4] for a premixed combustor.
In that study, the authors showed that the model could predict the effect of the inlet temperature and open loop control by comparing the simulations with experimental results. Lieuwen et al. [5] investigated the impact of the equivalence ratio oscillation on the heat release. Given a perturbation in the equivalence ratio, as the mean equivalence ratio is decreased, they show that a well-stirred reactor model yields an increase in the magnitude of the corresponding heat release perturbations. In [6] , the same model was coupled with acoustics and a convective time delay for the equivalence ratio perturbation, and instability was predicted over a range equivalence ratio of 0.6-1.
In this work, we investigate the linear response of a WSR model to the mass flow rate, or residence time oscillations, using one-step kinetics. We show that as the mean equivalence ratio or the mean residence time approach the blow-out limit, the operating point may transition from stability to instability due to a sudden phase change between pressure and heat release oscillations.
In Section II, a linearized heat release dynamics model is developed and the resulting model is examined in light of the physics of a WSR. In Section III, we investigate the impact of the operating conditions, e.g., mean equivalence ratio and mean mass flow rate on the properties of the model. In section IV, coupling with acoustics is described and conditions of thermoacoustic instability are investigated. Predictions are then compared with experimental results and evidence supporting the WSR model results are summarized in Section V. In Section VI, we assemble a model for the LSU experiment and compare our prediction regarding impact of operating conditions with the results of that experiment. Conclusions are summarized in Section VII.
II Analytical Modeling of the WSR

II.1 Governing Equations
The governing equations of a well-stirred reactor are obtained using the conservation laws and a set of reaction-rate equations. The conservation equations of the mass, energy and species in the WSR are given by:
Energy Conservation:
Species Conservation: 
where ρ is the density of the mixture, V is the volume, p c is the specific heat, T is temperature, and p is the pressure. In deriving equation (5), we assume that the v c , p c and V are constants. The dt dp V term can be expressed as a function of T using the inlet and exit conditions, and the ideal gas law. Assuming that the pressure oscillations are weak, the pressure energy term is negligible, and equation (5) reduces to
Using equation (2), equation (4) reduces to
The source terms, r Q & , and k W & for the fuel, can be represented as function of Y and T using a one-step kinetics mechanism [7] as follows:
where f A is the frequency factor, r h ∆ is the enthalpy of reaction (measured per unit mass of fuel), and
where a E is activation energy and R is the gas constant. 
II.2 Linearized Heat Release Model
While the dynamics of a well-stirred reactor can be investigated by integrating these nonlinear ODEs directly, a linearized model makes it possible to examine its properties, such as the blow-out limit, and the gain and phase relations between the heat release rate and mass flow perturbations. A linear heat release model can be obtained from equations (6) , (7) and (10) 
. (11) Moreover, ρ′ is expressed in terms of T ′ (assuming constant pressure and molecular
Using equation (11) and (12), one can linearize equations (6) and (7) as
Since the ratio
, for low Mach number flows, we neglected ′ i T in equation (13) . Using Laplace transforms of equations (11), (13), and (14), we obtain the following linear heat release rate model:
Note that ) (s J is a first order filter.
The cut-off frequency α and the static gain β of the linear model are functions of the mean residence time, the equivalence ratio, and the inlet temperature. At a fixed equivalence ratio, if the residence time is much larger than the chemical reaction time, almost all the fuel is burnt, i.e., 0 ≈ Y . In this case, α and β are much larger than the acoustic frequency (due to the Y term in the denominator in equation (16) and (17) 
As will be shown in the next section, 0 = β corresponds to burning at the maximum heat release rate. Equations (18) and (19) are similar expect for the extra "1" in equation (18). Based on this, one expects β to become negative before α as the residence time decreases. Therefore, just before blow out ( 0 = α ), the heat release experiences a phase change. That is, the onset of thermoacoustic instability may occur before blow-out.
The change of the equivalence ratio at a fixed residence time also changes the equilibrium temperature T , thereby affecting α and β . One can expect that α and β become negative as the equivalence ratio decreases due to the drop of the equilibrium temperature T . Therefore, the linearized model shows that by decreasing the residence time or the equivalence ratio, one expects phase change or blow-out to occur.
II.3 Physical Insight into the WSR Model
The heat release dynamics model presented in Section II.2 has two parameters α and β . To gain insight into the meaning ofα and β , we examine the critical steady state response of the WSR. We define ) ( 
Another critical point exists in r Q & -curve. It occurs when r Q & reaches a maximum, as shown in Figure 2 . The condition corresponding to maximum heat release rate,
is shown in Figure 2 . Figure 2 and 3, the equilibrium condition shifts due to the change of the residence time (mass flow rate), which also leads to a phase change.
Changing the equivalence ratio also can introduce phase change, as shown in Figure 4 .
As the equivalence ratio decreases, r Q & curve moves down causing the equilibrium point to cross the maximum heat release point. We conclude that a phase change of In summary, the heat release dynamics is modeled as a first-order filter with a transfer function ) (s J given by equation (15) . It is worth noting that even with such a simple form, the heat release model is capable of capturing blow-out, and the transition across the maximum heat release rate point. The first-order filter is able to characterize both of Given the magnitude and the phase relation as shown in Figure 8 and 9 , it is possible to compute the Rayleigh Index, R I , which is defined as
. Positive values of R I lead to strong pressure oscillation, whereas negative R I indicates a stable system. Figure 10 shows the Rayleigh Index normalized by its maximum value at the same conditions shown in Figure 8 phase and gain for a quarter-wave mode at a fixed mass flow rate (530kg/m^3 s), as a function of the equivalence ratio.
V Experimental Evidence
There exists ample experimental evidence that as the equivalence ratio is decreased at a fixed mass flow, or the mass flow rate is increased as a fixed equivalence ratio, the system develops self-sustained oscillations. Soon after these oscillations are observed, blow-out is often encountered. In this section, we review some of these results and use the theory developed in this paper to explain some of concomitant observations.
In an experiment conducted to examine the response of a lean premixed, swirl stabilized combustor [8] , it was observed that the system remained stable until rather low values of φ , where thermoacoustic instabilities seem to become strong. Soon after the onset of the instability, and within a small decrease in φ , combustion blows out in a way that is qualitatively similar to the prediction in Figure 11 .
Results of a lean premixed combustor in which a flame was stabilized behind a rearward-facing step [9] exhibited the dependence of the pressure amplitude on the equivalence ratio shown in Figure 12 . As the equivalence ratio decreased, the amplitude of a 48 Hz mode increased, while that of a 124 Hz mode decreased within the same range. According to the system configuration in [9] , the 48Hz mode corresponded to a quarter-wave mode, while the 124Hz mode corresponded to a three-quarter-wave mode.
The theory presented in this paper predicts this mode selective behavior, as shown below.
Since the flame was located in the middle of the combustor in [9] , p′ leads v′ in the quarter-wave mode while v′ leads p′ in the three-quarter-wave mode, as mentioned above. This in turn implies that at a given φ , if p′ and r Q′ & are in-phase in one mode, they are out-of-phase in the other. At the same time, the results of the previous section show that, for a given mode, the p′ -r Q′ & phase goes through a sudden change of o 180 as φ changes. Together these two facts lead to the observation that if one mode, say the 96 Hz mode, is stable and another mode, say the 124 Hz mode, is unstable at a given φ , the stability can switch between the two modes as φ is decreased. We should mention that this agreement is only qualitative since the heat release dynamics in the experiment may be governed by flame surface motion. However, since the chemical time scale governs the heat release rate near the lean blow-out limit, the combustion dynamics can be approximated by a well-stirred reactor in that region. Note that the pressure amplitudes increase sharply prior to blow-out, as captured by the WSR model. Figure 12 Pressure amplitudes in a lean premixed combustor near the blow-out conditions [9] The experimental results of Richards et al. [3] also agree with the prediction of the WSR model. In that study, the combustor used to investigate the effect of the heat loss, flow rate and friction was composed of a choked inlet, well-mixed combustion zone and a tail pipe. Because the inlet was choked, equivalence ratio fluctuations were absent. As shown in Figure 13 , the pressure amplitude increased as the equivalence ratio was decreased at a fixed residence time (39ms). Figure 14 shows the impact of the residence time at a fixed equivalence ratio. As the residence time was decreased (by increasing the mass flow rate), the pressure amplitude increased. The dependence of the stability of the system on the equivalence ratio and the residence time qualitatively match the predictions based on the WSR heat release dynamics model. Another set of experimental result where a three-nozzle sector combustor was used with full-scale engine hardware [10] to examine the characteristics of an annular combustors showed sharp rise of pressure oscillation within the narrow range of equivalence ratios between 0.41 and 0.42 as shown in Figure 15 . This is similar to the simulation result of the WSR model as shown in Figure 11 . In summary, these experimental studies support the following characteristics of the heat release dynamics model: 1) As the equivalence ratio decreases or the mass flow rate increases, the system becomes unstable. The transition seems abrupt.
2) The instability is due to a sudden phase change near the lean blow-out limit.
While the gain increases there as well, it cannot explain mode switching.
3) The combustion instability region is narrow ( Figure 15 Change of pressure amplitudes near the lean blow-out limit [10] We observed that the system follows the characteristics of WSR model as shown in u is turbulence velocity and ω is mass rate of formation. To justify using the WSR model in a particular operating condition, the following conditions should be satisfied:
One can estimate u′ from p′ using the following equation:
which is derived from the conservation equations. p′ was 0.4 Psi in Ref [9] [3] and [10] , as shown in Figures 13 to 15 , the turbulence intensity is much larger than Ref [9] (One can expect it from the magnitude of the pressure oscillations) and the equivalence ratio is lower. Therefore, it is also reasonable to assume that those systems as WSR near the blow out limit. 
VI Thermoacoustic Instability Simulations
The model presented in Section II can be used to predict combustion instability once an acoustic model is derived. Using a Galerkin approximation [14] [15] , we express the unsteady pressure p′ as: 
where ω is the acoustic frequency, 
The parameters α and β in the heat release model are evaluated for two different operating conditions. In both cases, 
and to Case II. 
Using equations (24), (26), and heat release models in (27) and (28), we develop the combustion feedback system shown in Figure 17 . For the given data, the maximum reaction is at 
VII Summary
In this paper, we obtain a linearized heat release dynamics model based on the assumptions used in a well-stirred reactor, and express the heat release oscillation as a function of the mass flow rate. We limit the analysis to the case of single-step kinetics.
The heat release dynamics model has the form of a first order filter, having a pole and a We are currently extending the formulation of the heat release model to the case of a multi-step kinetics mechanism, which can yield more accurate model over a wide-range of operating condition.
